A b s t r a c t. In this paper
Introduction
The spectrum of a graph is the spectrum of its adjacency matrix. Cospectral graphs are graphs having the same spectrum.
Both subjects contained in the title, cospectral graphs and graphs with least eigenvalue −2, have been studied since very beginnings of the develop-
L-graphs and graphs with blossoms
Let L (L + , L 0 ) be the set of graphs whose least eigenvalue is greater then or equal to −2 (greater then −2, equal to −2). A graph is called an L-graph (L + -graph, L 0 -graph) if its least eigenvalue is greater then or equal to −2 (greater then −2, equal to −2).
The line graph L(H) of any graph H is defined as follows. The vertices of L(H) are the edges of H and two vertices of L(H) are adjacent whenever the corresponding edges of H have a vertex of H in common.
Interest in the study of graphs with least eigenvalue −2 began with an elementary observation that line graphs have the least eigenvalue greater than or equal to −2. A natural problem arose to characterize the graphs with such a remarkable property. It appeared that line graphs share this property with generalized line graphs and with some exceptional graphs.
A generalized line graph L(H; a 1 , . . . , a n ) is defined (in [19] ) for graphs H with vertex set {1, . . . , n} and non-negative integers a 1 , . . . , a n by taking the graphs L(H) and CP (a i ) (i = 1, . . . , n) and adding extra edges: a vertex e in L(H) is joined to all vertices in CP (a i ) if i is an end-vertex of e as an edge of H. We include as special cases an ordinary line graph (a 1 = a 2 = · · · = a n = 0) and the cocktail-party graph CP (n) (n = 1 and a 1 = n). We introduce the abbreviation GLG for a generalized line graph.
Let a = (a 1 , a 2 , . . . , a n ). Consider a generalized line graph L(G; a), where G is connected and It is convenient to reformulate slightly the concept of the root graph of a GLG.
A pendant double edge is called a petal. A blossom B n consists of n (n ≥ 0) petals attached at a single vertex. An empty blossom B 0 has no petals and is reduced to the trivial graph K 1 . A graph in which to each vertex a blossom (possibly empty) is attached is called a graph with blossoms or a B-graph. The set of B-graphs includes as a subset the set of (undirected) graphs without loops or multiple edges. A graph G is a generalized line graph if G = L(H) is the line graph of a B-graph H called the root graph of G. The definition of L(H) remains as given above. We have L(B n ) = CP (n). A GLG is called a line graph if there exists a B-graph H with no petals such that G = L(H) while in the opposite case G is a proper generalized line graph. Hence, the set of generalized line graphs is the union of two disjoint sets: the set of line graphs and the set of proper generalized line graphs.
An exceptional graph is a connected graph with least eigenvalue greater than or equal to −2 which is not a generalized line graph. A generalized exceptional graph is a graph with least eigenvalue greater than or equal to −2 in which at least one component is an exceptional graph.
An important graph invariant is the star value S of an L-graph G. It is defined by
where f (p) (x) denotes the p-th derivative of the function f (x).
Since the characteristic polynomial of a disconnected graph G is equal to the product of characteristic polynomials of its components, the star value of G is the product of star values of components of G as well.
In 1976 the key paper [3] by P.J.Cameron, J.M.Goethals, J.J.Seidel and E.E.Shult introduced root systems into the study of graphs with least eigenvalue −2. These graphs can be represented by sets of vectors at 60 or 90 degrees via the corresponding Gram matrices. Maximal sets of lines through the origin with such mutual angles are closely related to the root systems known from the theory of Lie algebras. Using such a geometrical characterization one can show that graphs in question are either generalized line graphs (representable in the root system D n for some n) or exceptional graphs (representable in the exceptional root system E 8 ). The main result is that an exceptional graph can be represented in the exceptional root system E 8 . In particular, it is proved in this way that an exceptional graph has at most 36 vertices and each vertex has degree at most 28.
Much information on these problems can be found in the books [1] , [4] , [7] , [6] , [14] , in the expository papers [2] , [5] and in the new book [15] . Many of the SINGs from our table can be found in already published tables of graphs (cf. [17] , [7] , [6], [11] , [13] , [9] ).
4.
In the table which follows the SINGs are classified by the number of vertices and by the number of edges. Within a group with fixed numbers of vertices and edges the SINGs are classified lexicographically by their eigenvalues in non-decreasing order (first by non-increasing least eigenvalues, then by the second smallest one, etc.). For each SING, first row contains an identification number, followed by eigenvalues and the star value. Next, a row is related to each member of the SING with exceptions mentioned below. The row first contains the rows of the lower triangle of an adjacency matrix of the graph. In addition, the number of components is given followed by the numbers c i , i = 1, 2, 3 where c i is the number of components with i vertices for i = 1, 2, 3. Further we find a graph classificator: LG for line graphs, GL for proper generalized line graphs and EX for generalized exceptional graphs. For line graphs we come across a B if the root graph is bipartite and NB in the oposite case. In proper generalized line graphs the number of petals is given.
To save the space graphs from some SINGs are omitted if they appear in earlier publications. This applies to SINGs consisting of connected graphs on 7 vertices and to SINGs consisting of (connected) exceptional L + -graphs on 8 vertices. Deleted graphs are refered to by their identification numbers in the table of connected graphs on 7 vertices from [6] and in Table A2 of exceptional L + -graphs on 8 vertices. The later table appears also in [13] as Table 1 . Identification numbers appear behind the character & for 7 vertex graphs and behind the character # for 8 vertex graphs. A part of information on deleted graphs is given behind the mentioned identification numbers. In deleted 8 vertex graphs the star value is always equal to 1 and therefore omitted.
For a complete version of the table see [10] .
A TABLE OF COSPECTRAL GRAPHS WITH LEAST EIGENVALUE AT LEAST −2 *********************************************************************** Cospectral graphs with 6 vertices *********************************************************************** *********************************************************************** Cospectral graphs with 7 vertices *********************************************************************** LG NB LG NB *********************************************************************** Cospectral graphs with 8 vertices *********************************************************************** 6 edges ***********************************************************************
Some observations

Given two graphs G and H, we shall say that
Any set of graphs has one or several smallest graphs in the above order of graphs. Since graphs in any SING have the same number of vertices and the same number of edges, we can compare SINGs as well in the above sense.
Cospectral L-graphs could be line graphs, proper generalized line graphs and (generalized) exceptional graphs in all combinations.
The smallest PING without the limitations on the least eigenvalue, which consists of graphs K 1,4 and C 4 ∪ K 1 , is the only one with 5 vertices and belongs to L 0 . Note that K 1,4 is a proper GLG while C 4 ∪ K 1 is a line graph.
The first PING which appears in the table consists of disconnected graphs K 1,3 ∪ K 2 , P 5 ∪ K 1 and this is the smallest irreducible PING with such a property.
Although reducible SINGs should not be included in tables like our since they can easily be generated from irreducible ones, reducible SINGs are not quite uninteresting. Namely, although the reducible PINGs, for example,
appears to be incomplete and can be extended to the triplet of cospectral graphs
which does appear in the table! (Here S 6 is the tree on 6 vertices with largest eigenvalue equal to 2).
PING No. 2 with 7 vertices consists of a line graph and of an exceptional graph. This is the smallest such PING. The line graph is C 6 ∪ K 1 ; the other is an exceptional tree with largest eigenvalue 2 (and the least eigenvalue −2). In addition, these two graphs are switching equivalent.
Next we note that PING No. 10 with 8 vertices consists of a connected line graph and a generalized exceptional graph (having an isolated vertex) while in the PING No. 22 with the same number of vertices both graphs are connected one being a line graph and the other an exceptional graph. In the later case the least eigenvalue is equal to −2 and one can prove that this is not possible in L + -graphs.
The number of petals
Looking at the table of L-SINGs we have realized that the spectrum of a generalized line graph contains some information on the number of petals in the corresponding root graph. This observation has led to the formulation and the proof of Proposition 1 and Theorem 1. However, the number of petals in the root graph is not determined by the spectrum of the corresponding GLG. There are cospectral GLGs with root graphs having different number of petals. The smallest example is just the PING on 5 vertices if we consider a line graph to be a GLG with 0 petals. If we look for such an example with proper GLGs then the PING No. 11 with 7 vertices provides it. Finally, if we want both proper GLGs to be connected, then the PING No. 73 with 8 vertices does the job (2 and 3 petals).
Sometimes it is of interest to recognize a line graph among generalized line graphs.
The following forbidden subgraph characterization is an immediate consequence of the existing results. P r o o f. Line graphs are characterized by a set B of 9 forbidden subgraphs while generalized line graphs are characterized by a set C of 31 forbidden subgraphs (cf., e.g., [15] , Theorems 2.1.3 and 2.3.18). Since C \ B contains just K 1,3 and K 3 ∇2K 1 we are done.
Note that K 1,3 and K 3 ∇2K 1 are proper generalized line graphs whose root graphs contain exactly one petal. This observation together with Proposition 2 could be used to define an algorithn for determining the number of petals in the root graph of a generalized line graph.
Additional observations
As known (cf., e.g., [15] ), if G = L(H) the B-graph H is not unique. It can happen that a line graph can be presented as a generalized line graph of a graph with petals. We call such graphs polymorphic generalized line graphs. There are exactly 5 connected polymorphic generalized line graphs (see [15] This theorem has been proved in [16] for line graphs and in [8] for proper generalized line graphs (see Theorems 2.2.4 and 2.2.8 of [15] . The original results were formulated as two apparently non-related results. Our terminology and notation makes it possible to formulate the theorem as a unique result.
